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Abstract. We define the weight θ-sheaf RX,θ and reinterpret Morse-Novikov cohomol-
ogy via sheaf theory. We establish a theorem of Leray-Hirsch type for Morse-Novikov
cohomology. Eventually, using them, we prove two blow-up formulas and give the iso-
morphisms explicitly on (possibly noncompact) complex manifolds.
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1. Introduction
For a n-dimensional smooth manifold X , let Ap(X) be the space of smooth p-forms and
θ a closed 1-form on X . Define dθ : Ap(X) → Ap+1(X) as dθα = dα + θ ∧ α for any α
in Ap(X). Obviously, dθ ◦ dθ = 0, so (A•(X), dθ) is a complex. Denote its cohomolgy by
H∗θ (X), which is called Morse-Novikov cohomology ([21, 23, 29]), Lichnerowicz cohomology
([3, 19]), adapted cohomology ([8, 26]), or dθ-cohomology ([1, 2, 15]). In this article, we call
it Morse-Novikov cohomology. Similarly, the complex (A•c(X), dθ) of the spaces of smooth
forms with compact support also defines cohomology groups, denoted by H∗θ,c(X), which
are called Morse-Novikov cohomology with compact support.
This cohomology was originally defined by Lichnerowicz ([11, 20]) and Novikov ([22]) in
the context of Poisson geometry and Hamiltonian mechanics, respectively. It is well used to
study the locally conformally Ka¨hlerian (l.c.K.) and locally conformally symplectic (l.c.s.)
structures ([1, 2, 3, 8, 15, 19, 26]). For a Morse’s function f and λ ∈ R, dλdf is the Witten
deformation, which is used to prove strong Morse inequalities by E. Witten [28].
Unfortunately, Morse-Novikov cohomology is much more difficult to calculate than de
Rham cohomology, since it depends on θ. In [26], Vaisman studied the classical operators of
forms on l.c.K. manifolds and proved the finiteness of the dimension of Lichnerowicz coho-
mology for compact manfiolds. The Mayer-Vietoris sequence and Pincare´ duality theorem
were generalized on Morse-Novikov cohomology by Haller, S. and Rybicki, T. [15]. Mil-
lionschikov, D. V. found the Morse-Novikov cohomology concides with cohomology of the
corresponding Lie algebra for the solvmanifolds (more precisely, refer to [21]). Leo´n, M.,
Lo´pez, B, Marrero J. C. and Padro´n, E., ([19]), proved that a compact Riemmannian man-
ifold X endowed with a parallel one-form θ has trivial Morse-Novikov cohomology, which
is proved in a different approach in [23]. By Atiyah-Singer index theorem, Bande, G. and
Kotschick, D. ([3]) found that the Euler characteristic of Morse-Novikov cohomology co-
incides with the usual Euler characteristic. Moreover, there are some results for specific
examples, referring to [2, 15, 21, 24].
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In this article, we proved a theorem of Leray-Hirsch type on Morse-Novikov cohomology,
which can be used to compute the cohomology of projectivization bundle P(E), seeing
Lemma 4.4.
Theorem 1.1. Let π : E → X be a smooth fiber bundle over a smooth manifold X and let
θ, Ω be closed 1-forms on X, E respectively. Set θ˜ = π∗θ.
(1) Assume there exist classes e1, . . . , er of pure degrees in H
∗
Ω(E), such that, for every
x ∈ X, their restrictions e1|Ex , . . . , er|Ex freely linearly generate H
∗
Ω|Ex
(Ex). Then, π
∗(•)∧•
gives an isomorphism of graded vector spaces
H∗θ (X)⊗R spanR{e1, ..., er}→˜H
∗
θ˜+Ω
(E).
(2) Assume there exist classes e1, . . . , er of pure degrees in H
∗
Ω,cv(E), such that, for every
x ∈ X, their restrictions e1|Ex , . . . , er|Ex freely linearly generate H
∗
Ω|Ex ,c
(Ex). Then, π
∗(•)∧
• gives isomorphisms of graded vector spaces
H∗θ,c(X)⊗R spanR{e1, ..., er}→˜H
∗
θ˜+Ω,c
(E)
and
H∗θ (X)⊗R spanR{e1, ..., er}→˜H
∗
θ˜+Ω,cv
(E).
(3) Assume there exist classes e1, . . . , er of pure degrees in H
∗
Ω,c(E), such that, for every
x ∈ X, their restrictions e1|Ex , . . . , er|Ex freely linearly generate H
∗
Ω|Ex ,c
(Ex). Then, π
∗(•)∧
• gives isomorphisms of graded vector spaces
H∗θ,c(X)⊗R spanR{e1, ..., er}→˜H
∗
θ˜+Ω,c
(E).
By Theorem 1.1, we can get the following lemma, which plays a key role in writing out
the blow-up formulas explicitly.
Lemma 1.2. Let Y be an oriented connected submanifold of an oriented connected smooth
manifold X and i : Y → X the inclusion. Assume θ is a closed 1-form on X.
(1) For σ ∈ H∗θ|Y (Y ),
i∗i∗σ = [Y ]|Y ∪ σ.
(2) For σ ∈ H∗θ|Y ,c(Y ),
i∗i∗σ = [Y ]|Y ∪ σ.
where [Y ] ∈ HrdR(X) is the fundamental class of Y in X and r = codimY .
In [29], Yang, X. D. and Zhao, G. S. proved a blow-up formula of Morse-Novikov coho-
mology for compact l.c.K. manifolds with some restriction on closed 1-forms θ, where they
do not give the isomorphism. We generalize their theorem on general complex manifolds and
closed 1-forms, and moreover, give the isomorphisms explicitly by Theorem 1.1 and Lemma
1.2.
Let π : X˜Y → X is the blow-up of a connected complex manifold X along a connected
complex submaifold Y and θ a closed 1-form on X . We know π|E : E = π−1(Y )→ Y is the
projectivization E = P(NY/X) of the normal bundle NY/X . Let h = c1(OE(−1)) ∈ H
2
dR(E)
be the first Chern class of the universal line bundle OE(−1) on E.
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Main Theorem 1.3. Assume X, Y , π, X˜Y , E, h are defined as above. Let iE : E → X˜Y
be the inclusion, θ˜ = π∗θ and r = codimCY . Then, for any k,
π∗ +
r−2∑
i=0
(iE)∗ ◦ (h
i∪) ◦ (π|E)
∗
gives isomorphisms
Hkθ (X)⊕
r−2⊕
i=0
Hk−2−2iθ|Y (Y )→˜H
k
θ˜
(X˜Y )
and
Hkθ,c(X)⊕
r−2⊕
i=0
Hk−2−2iθ|Y ,c (Y )→˜H
k
θ˜,c
(X˜Y ).
There are some results of this type for other homologies and cohomologies, for instance,
singular cohomology [27], Chow group [27], Lawson homology [17] and Deligne cohomology
[14].
The paper is organized as follows. In Sec. 2, We define the weight θ-sheaf RX,θ and rein-
terpret Morse-Novikov cohomology as cohomology of sheaf RX,θ. In particular, we prove
that several operators on Morse-Novikov cohomology are compatible with that on cohomol-
ogy of sheaves. In Sect. 3, we give two Ku¨nneth formulas which are used to prove Theorem
1.1 and give a new proof of Bande, G. and Kotschick, D.’s result on the Euler characteristic.
In Sec. 4, we prove Lemma 1.2 and Theorem 1.3. Moreover, we prove a modification formula
and obtain two bimeromorphic invariants.
2. Morse-Novikov cohomology via sheaf theory
2.1. Preliminaries. Let X be a n-dimensional smooth manifold and θ a closed 1-form on
X . Let Ap(X) be the space of smooth p-forms and define dθ : Ap(X) → Ap+1(X) as
dθα = dα+ θ ∧ α for α ∈ Ap(X). Obviously, dθ ◦ dθ = 0, so we have a complex
· · · // Ap−1(X)
dθ
// Ap(X)
dθ
// Ap+1(X) · · · // · · · ,
whose cohomology Hpθ (X) = H
p(A•(X), dθ) is called p-th Morse-Novikov cohomology.
The cohomology H∗θ (X) can be computed via the cohomology with the value in a flat
line bundle (weight line bundle), referring to [22], [23], [29]. As we know, a flat bundle of
finite rank and a locally constant sheaf of R-modules of finite rank are equivalent in some
senses. In this article, we study the Morse-Novikov cohomology by the language of locally
constant sheaves, which is much more convenient.
Suppose AkX is the sheaf of germs of smooth k-forms and RX is the constant sheaf with
coefficient R on X . Define dθ : AkX → A
k+1
X as follows:
dθα = dα+ θ ∧ α,
for α ∈ AkX .
Definition 2.1. We call the kernel of dθ : A
0
X → A
1
X a weight θ-sheaf, denoted by RX,θ.
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Locally, θ = du for a smooth function u, so dθ = e
−u ◦ d ◦ eu and RX,θ = Re
−u. Hence,
the weight θ-sheaf RX,θ is a locally constant sheaf of of R-modules of rank 1. We have a
resolution of soft sheaves of RX,θ
0 // RX,θ
i
// A0X
dθ
// A1X
dθ
// · · ·
dθ
// AnX
// 0 ,
where i is the inclusion.
Let A•X → I
• be an injective resolution of complex (A•X , dθ) of sheaves in the category
of sheaves on X , then it induces a morphism
H∗θ (X) = H
∗(A•(X), dθ)→ H
∗(Γ(X, I•)) = H∗(X,RX,θ),
denoted by ρ. SinceA•X is a resolution of soft sheaves of RX,θ, ρ is an isomorphism. Similarly,
A•X → I
• induces an isomorphism H∗θ,c(X) → H
∗
c (X,RX,θ), also denoted by ρ. Hence,
Morse-Novikov cohomology (resp. Morse-Novikov cohomology with compact support) can
be viewed as cohomology (resp. cohomology with compact support) of the weight θ-sheaf
RX,θ via ρ. For dθ-closed α ∈ A
∗(X), denote [α]θ (resp. [α]θ,c) the class in H
∗
θ (X) (resp.
H∗θ,c(X)).
In addition, assume X is oriented. Let D′kX be the sheaf of germs of k-currents. Similarly,
define dθ : D′kX → D
′k+1
X as follows:
dθT = dT + θ ∧ T,
for T ∈ D′kX . We have dθT (α) = (−1)
k+1T (d−θα), for α ∈ An−k−1c (X), and
dθ1+θ2(β ∧ γ) = dθ1β ∧ γ + (−1)
degββ ∧ dθ2γ,
where β and γ are in A∗(X) or D′∗(X), but not both in D′∗(X).
Since, locally, dθ = e
−u ◦ d ◦ eu on D′∗X , we have RX,θ = ker(dθ : D
′0
X → D
′1
X). There is
another resolution of soft sheaves of RX,θ
0 // RX,θ
i
// D′0X
dθ
// D′1X
dθ
// · · ·
dθ
// D′nX
// 0 ,
where i is the inclusion. Moreover,A•X →֒ D
′•
X induces isomorphismsH
∗
θ (X)→˜H
∗(D′•(X), dθ)
and H∗θ,c(X)→˜H
∗(D′•c (X), dθ). For dθ-closed T ∈ D
′∗(X), denote [T ]θ (resp. [T ]θ,c ) the
class in H∗θ (X) (resp. H
∗
θ,c(X)).
Let f : X → Y be a smooth map between connected oriented smooth manifolds and θ
a closed 1-form on Y . Set θ˜ = f∗θ and r = dimX − dimY . If a current T satisfies that
f |suppT : suppT → Y is proper, then dθ(f∗T ) = (−1)rf∗(dθ˜T ).
Lemma 2.2. Let X be a connected smooth manifold and θ a closed 1-form on X.
(1) RX,θ is a constant sheaf if and only if θ is exact. More precisely, if θ = du for
u ∈ A0(X), then h 7→ eu · h gives an isomorphism RX,θ→˜RX of sheaves.
(2) If µ is a closed 1-form on X, then RX,θ ⊗RX RX,µ = RX,θ+µ.
(3) Suppose f : Y → X is a smooth map between smooth manifolds. Then inverse image
sheaf f−1RX,θ = RY,f∗θ.
Proof. (1) If RX,θ is a constant sheaf, then H
0
θ (X) = H
0(X,RX,θ) = R. By [15], Example
1.6, θ is exact. Inversely, if θ = du, RX,θ = Re
−u, which implies the conclusion.
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(2) Locally, θ = du and µ = dv. Then, RX,θ = Re
−u, RX,µ = Re
−v and RX,θ+µ =
Re−u−v, locally. So, the product of functions gives an isomorphism RX,θ ⊗RX RX,µ →
RX,θ+µ.
(3) Locally, θ = du, RX,θ = Re
−u and RY,f∗θ = Re
−f∗u. So the pull backs of functions
give an isomorphism f−1RX,θ→˜RY,f∗θ . 
Notation 2.3. For any topological subspace i : W → X, we simply write H∗(W, i−1RX,θ)
and H∗c (W, i
−1
RX,θ) as H
∗(W,RX,θ) and H
∗
c (W,RX,θ) respectively. If W is open, we also
write H∗θ|W (W ) and H
∗
θ|W ,c
(W ) as H∗θ (W ) and H
∗
θ,c(W ) respectively.
2.2. Pullback and pushout. Let f : X → Y be a smooth map between oriented connected
smooth manifolds and θ a closed 1-form on Y . Set θ˜ = f∗θ and r = dimX − dimY . We can
define pullback f∗ : H∗θ (Y )→ H
∗
θ˜
(X), [α]θ 7→ [f
∗α]θ˜ and pushout f∗ : H
∗
θ˜,c
(X)→ H∗−rθ,c (Y ),
[T ]θ,c 7→ [f∗T ]θ˜,c. Moreover, if f is proper, we can also define f
∗ : H∗θ,c(Y ) → H
∗
θ˜,c
(X)
and f∗ : H
∗
θ˜
(X) → H∗−rθ (Y ), in the same way. Actually, it is unnecessary to request the
condition “oriented” in definitions of the two pullbacks f∗. By [5], p. 63, 8.1, via ρ, the
pullbacks f∗ are compatible with them on cohomology of sheaves.
Proposition 2.4. Let f : X → Y be a closed surjective smooth map between smooth
manifolds and θ a closed 1-form on Y . Assume that every fibre f−1(y) is connected and
Hi(f−1(y),R) = 0 for 1 ≤ i ≤ r. Then f∗ : Hpθ (Y ) → H
p
θ˜
(X) is an isomorphism for
0 ≤ p ≤ r, and a monomorphism for p = r + 1. In addition, if f is proper, they also hold
for Morse-Novikov cohomology with compact support.
Proof. The first part holds by Vietoris-Begle Mapping theorem ([25]).
By Lemma 2.2, RX,θ˜|f−1(y) = Rf−1(y). For a proper map f ,(
Rqf∗RX,θ˜
)
y
= Hq(f−1(y),Rf−1(y)),
which imply
Rqf∗RX,θ˜ =

RY,θ, q = 0
0, 1 ≤ q ≤ r.
Consider the Leray spectral sequence
Ep,q2 = H
p
c (Y,R
qf∗RX,θ˜)⇒ H
p+q = Hp+qc (X,RX,θ˜).
Then Ep,q2 = 0 for 1 ≤ q ≤ r. By [9], Prop. 2.2.3, E
p,0
2
∼= Hp for 0 ≤ p ≤ r and
Er+1,02 → H
r+1 is injective, where the morphisms are all induced by the pull back of
sheaves. We prove the second part. 
Assume j : U → X is the inclusion of an open subset U into a smooth manifold X . Denote
by j∗ : A∗c(U)→ A
∗
c(X) the extension by zero, which induces j∗ : H
∗
θ,c(U)→ H
∗
θ,c(X). If X
is oriented, it coincides with the pushout j∗ defined by currents.
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Proposition 2.5. j∗ defined above is compatible with j! on cohomology of sheaves, i.e., the
diagram
H∗θ,c(U)
j∗

ρ
// H∗c (U,RU,θ)
j!

H∗θ,c(X)
ρ
// H∗c (X,RX,θ)
.
is commutative.
Proof. Let A•X → I
• and j−1I• → J • be injective resolutions of complexes A•X and j
−1I•
of sheaves, respectively. Then I• and J • are injective resolutions of RX,θ and RU,θ, respec-
tively. Since j! is an exact functor , j!j
−1I• → j!J • is quasi-isomorphic. By [18], p. 41, 6.2,
there exists a morphism j!J • → I• of complexes, such that the diagram
j!A•U = j!j
−1A•X

// j!j
−1I•

// j!J •
zz✈✈
✈✈
✈✈
✈✈
✈✈
A•X
// I•
satisfies that the left square is commutative and the right triangle is commutative up to a
homotopy. Through the cohomology of sections Γc(X, ·) of complexes of sheaves, we get the
proposition immediately. 
We will frequently use the following proposition in sheaf theory.
Proposition 2.6 ([18], p. 186 (7.8)). Let f : X → Y be a proper continuous map between
locally compact spaces and F a sheaf on Y . Assume that B is a closed subset on Y , A =
f−1(B), V = Y − B, U = X − A, and iA, iB, jU , jV are the corresponding inclusions.
There is a commutative diagram of long exact sequences
· · · // Hkc (V,F)
(f |U )
∗

jV !
// Hkc (Y,F)
f∗

i∗B
// Hkc (B,F)
(f |A)
∗

// Hk+1c (V,F)
(f |U )
∗

// · · ·
· · · // Hkc (U, f
−1F)
jU!
// Hkc (X, f
−1F)
i∗A
// Hkc (A, f
−1F) // Hk+1c (U, f
−1F) // · · ·
.
2.3. Cup product. Let X be a smooth manifold and θ, µ closed 1-forms on X . The wedge
product α ∧ β defines a cup product
∪ : Hpθ (X)×H
q
µ(X)→ H
p+q
θ+µ(X).
Similarly, we can define cup products between Hpθ (X) or H
p
θ,c(X) and H
q
µ(X) or H
q
µ,c(X).
By [5], p. 63, 8.1, via ρ, the cup products are compatible with them on cohomology of
sheaves.
By [7], Cor. 3.3.12, we get Poincare´ duality for Morse-Novikov cohomology immediately.
Corollary 2.7 ([15], Cor. 1.4). Let X be an oriented smooth manifold of dimension n and
θ a closed 1-form on X. Then, for any p,
PD : Hpθ (X)→ (H
n−p
−θ,c(X))
∗
is an isomorphism, where PD([α]θ)([β]−θ,c) =
∫
X α ∧ β.
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Proposition 2.8 (Lefschetz’ hyperplane theorem). Let X be a n-dimensional nonsingular
complex projective variety and Y a smooth hyperplane section of X. Assume θ is a closed
1-form on X and i : Y → X is the inclusion. Then
(1) i∗ : Hpθ (X)→ H
p
θ|Y
(Y ) is isomorphic for p ≤ n− 2 and injective for p = n− 1.
(2) i∗ : H
p
θ|Y
(Y )→ Hp+2θ (X) is isomorphic for p ≥ n and surjective for p = n− 1.
Proof. X − Y is a nonsingular complex affine variety with dimension n, hence a Stein
manifold. By [7], Thm. 2.5.11, Hpθ,c(X − Y ) = 0 for p ≤ n− 1. We get (1) by 2.5 and 2.6.
By Poincare´ duality, we get (2) immediately. 
Let f : X → Y be a proper smooth map between oriented connected smooth manifolds
and θ, µ closed 1-forms on Y . Set θ˜ = f∗θ and r = dimX − dimY . We have projection
formula
(1) f∗(σ ∪ f
∗τ) = f∗(σ) ∪ τ
for σ ∈ H∗
θ˜
(X) or H∗
θ˜,c
(X) and τ ∈ H∗µ(Y ) or H
∗
µ,c(Y ). Immediately, it is obtained by
f∗(T ∧ f∗β) = f∗T ∧ β, where T ∈ D′∗(X) and β ∈ A∗(Y ). If σ ∈ H∗θ˜,c(X) and τ ∈ H
∗
µ(Y ),
we can remove the condition “proper” in projection formula (1). By projection formula (1),
we get
Corollary 2.9. Let f : X → Y be a proper smooth map of oriented connected smooth
manifolds with the same dimensions and degf 6= 0. If θ is a closed 1-form on Y , then
f∗ : H∗θ (Y ) → H
∗
θ˜
(X) is injective and f∗ : H
∗
θ˜
(X) → H∗θ (Y ) is surjective. They also hold
for Morse-Novikov cohomology with compact support.
3. Ku¨nneth formula and Leray-Hirsch theorem
3.1. Ku¨nneth formula. Let θ and µ be closed 1-forms on smooth manifolds X and Y
respectively. Set ω = pr∗1θ + pr
∗
2µ, where pr1 and pr2 are projections from X × Y onto X
and Y respectively. Then pr∗1(•) ∧ pr
∗
2(•) defines a product
× : Hpθ (X)×H
q
µ(Y )→ H
p+q
ω (X × Y ).
It is called cartesian product. Similarly, we can define cartesian product between Hpθ,c(X)
and Hqµ,c(Y ). The cartesian products defined here are compatible with them on cohomology
of sheaves, i.e. ρ(σ × τ) = ρ(σ)× ρ(τ), for any σ ∈ Hpθ (X) and τ ∈ H
q
µ(Y ), or σ ∈ H
p
θ,c(X)
and τ ∈ Hqµ,c(Y ). Actually,
ρ(σ)× ρ(τ) =pr∗1ρ(σ) ∪ pr
∗
2ρ(τ)
=ρ(pr∗1σ) ∪ ρ(pr
∗
2τ)
=ρ (pr∗1σ ∪ pr
∗
2τ)
=ρ(σ × τ).
Consider the trivial bundle π : Rn × F → Rn on Rn, where F is a smooth manifold.
Suppose Θ is a closed 1-form on Rn × F . Let pr2 : Rn × F → F be the second projection
and i : F → Rn × F a inclusion which map f to (0, f). Let g : R × Rn × F → Rn × F
map (t, x, f) to ((1 − t)x, f), which gives a smooth homotopy between idRn×F and i ◦ pr2.
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If t is the coordinate of the first component of R×Rn × F , define the contraction operator
i(∂/∂t) : A∗(R× Rn × F )→ A∗−1(R× Rn × F ) as
i(∂/∂t)(Υ)(X1, ..., Xp−1) = Υ(∂/∂t,X1, ..., Xp−1)
for any Υ ∈ Ap(R × Rn × F ) and smooth vector fields X1, ..., Xp−1 on R × Rn × F . Set
us =
∫ s
0
i(∂/∂t)(g∗Θ)dt. Then
(2) pr∗2i
∗Θ−Θ = du1.
Define K : A∗(Rn × F )→ A∗−1(Rn × F ) as
(3) K(α) =
∫ 1
0
eut · i(∂/∂t)(g∗α)dt.
Then,
(4) eu1pr∗2i
∗α− α = dΘK(α) +K(dΘα),
for any α ∈ A∗(Rn × F ). The formulas (2) and (4) were proved in [15], Lemma 1.1.
Lemma 3.1. Let θ be a closed 1-form on F and θ˜ = pr∗2θ. Then pr
∗
2 : H
∗
θ (F )→ H
∗
θ˜
(Rn×F )
is an isomorphism and i∗ is the inverse isomorphism.
Proof. Let us be defined as above. By formula (2), du1 = 0, so u1 is a constant. By formula
(4), pr∗2 ◦ i
∗ is an isomorphism. Obviously, i∗ ◦ pr∗2 = 1. Hence, we get the lemma. 
Let X be a n-dimensional smooth manifold. A covering U = {Uα} of X is called good,
if all nonempty finite intersections Uα0,...,αp = Uα0 ∩ . . . ∩ Uαp are diffeomorphic R
n. For a
sheaf F and a covering U = {Uα}α∈I of X , denote Cp(U,F) the group of Cˇech p-cochains
and δ the differentials of the complex C•(U,F).
Theorem 3.2 (Ku¨nneth formula I). Let X and Y be smooth manifolds and let θ and µ be
closed 1-forms on X and Y respectively. Set ω = pr∗1θ+pr
∗
2µ, where pr1, pr2 are projections
from X × Y onto X, Y respectively. Then, the cartesian product gives an isomorphism of
graded vector spaces
H∗θ,c(X)⊗R H
∗
µ,c(Y )→ H
∗
ω,c(X × Y ).
Moreover, if H∗θ (X) =
⊕
p≥0H
p
θ (X) or H
∗
µ(Y ) =
⊕
p≥0H
p
µ(Y ) has finite dimension, the
cartesian product also gives an isomorphism of graded vector spaces
H∗θ (X)⊗R H
∗
µ(Y )→ H
∗
ω(X × Y ).
Proof. By [5], II, 15.2, we get the first part.
Moreover, we assume H∗µ(Y ) has finite dimension. Suppose dimX = n and U = {Uα} is
a good covering of X . Define two double complexes
Kp,q =
⊕
r+s=q
Cp(U,ArX)⊗R H
s
µ(Y ),
d′ = δ ⊗ id, d′′ =
∑
r+s=q
dθ ⊗ idHsµ(Y ),
and
Lp,q = Cp(pr−11 U,A
q
X×Y ),
d′ = δ, d′′ = dω.
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Choose a system of forms {βi} of pure degrees in A∗(Y ), such that {[βi]µ} is a basis of
H∗µ(Y ). Define f : K
∗,∗ → L∗,∗ as
{ηα0,...,αp} ⊗ [βi]µ 7→ {pr
∗
1ηα0,...,αp ∧ pr
∗
2βi},
which gives a morphism of double complexes. θ is exact on Uα0,...,αp
∼= Rn, henceHrθ (Uα0,...,αp)
∼=
Hr(Uα0,...,αp) is R for r = 0 and zero otherwise. We get
Hqd′′(K
p,∗) =
 ∏
α0,...,αp
H0θ
(
Uα0,...,αp
) ⊗R Hqµ(Y )
∼=
∏
α0,...,αp
Hqµ(Y ),
where the isomorphism uses the finiteness of dimension of H∗µ(Y ), and
Hqd′′(L
p,∗) =
∏
α0,...,αp
Hqω(Uα0,...,αp × Y )
∼=
∏
α0,...,αp
Hqpr∗2µ
(Uα0,...,αp × Y ),
where the isomorphism uses the fact that pr∗1θ is exact on Uα0,...,αp × Y and Lemma 2.2.
For every p, q, the morphism Hqd′′(K
p,∗)→ Hqd′′(L
p,∗) induced by f is exactly∏
pr∗2 :
∏
α0,...,αp
Hqµ(Y )→
∏
α0,...,αp
Hqpr∗2µ
(Uα0,...,αp × Y ),
which is an isomorphism by Lemma 3.1. Hence, for any p, f induces an isomorphism
Hp(f) : HpD(K
∗) → HpD(L
∗), where K∗ and L∗ are the simple complexes associated to
double complexes K∗,∗ and L∗,∗, respectively, and D are the differentials of K∗ and L∗.
Consider the spectral sequence Ep,q2 = H
q
d′′H
p
d′(K
∗,∗) ⇒ Hp+qD (K
∗). Since ArX are soft
sheaf for all r, by Leray Theorem, we have
Ep,q2 =

⊕
r+s=qH
r
θ (X)⊗R H
s
µ(Y ), p = 0
0, otherwise.
So HkD(K
∗) =
⊕
p+q=kH
p
θ (X)⊗R H
q
µ(Y ). Similarly, H
k
D(L
∗) = Hkω(X × Y ). It is eaisly to
check that Hk(f) is given by cartesian product. 
IfH∗θ (X) has finite dimension, define bp(X, θ) = dimH
p
θ (X) and χ(X, θ) =
∑
p(−1)
pbp(X, θ),
which are called betti number and Euler-characteristic of Morse-Novikov cohomology. Simi-
larly, we can define bc,p(X, θ) and χc(X, θ) for Morse-Novikov cohomology with compact
support. Let X be a compact oriented smooth manifold and f : X → X a smooth
map. Assume θ is a closed 1-form on X satisfying f∗θ = θ. Then f induces a linear
map f∗ : H∗θ (X)→ H
∗
θ (X). Define
L(f, θ) =
∑
p≥0
(−1)ptr(f∗|Hp
θ
(X)),
where tr(f∗|Hp
θ
(X)) is the trace of f
∗|Hp
θ
(X). We call it θ-Lefschetz number of f . In particular,
χ(X, θ) = L(idX , θ).
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Proposition 3.3. L(f, θ) = L(f). In particular, χ(X, θ) = χ(X).
Proof. Suppose dimX = n. Let {[αi]θ} be a basis of H∗θ (X) and {[βj]−θ} their dual basis
in H∗−θ(X) under Poincare´ duality, i.e.
∫
X αi ∧ βj = δij , where αi, βj all have pure degrees.
Suppose pr1, pr2 are two projections from X ×X onto X . Let ∆ be the diagonal of X ×X
and Γf the graph of f in X ×X . Let i : ∆ → X ×X and i′ : Γf → X ×X be inclusions
and let l : X → ∆ be the diagonal map and l′ : X → Γf defined as x 7→ (x, f(x)). We equip
∆ and Γf with suitable orientations such that l and l
′ are diffeomorphisms of preserving
orientations. By Theorem 3.2, the fundamental class [Γf ] ∈ HndR(X ×X) can be written as∑
i,j cijpr
∗
1 [αi]θ ∪ pr
∗
2 [βj ]−θ for some cij ∈ R. Set f
∗[αi]θ =
∑
j aij [αj ]θ.
On the one hand,∫
Γf
i′∗(pr∗1βi ∧ pr
∗
2αj) =
∫
X
l′∗i′∗pr∗1βi ∧ l
′∗i′∗pr∗2αj =
∫
X
βi ∧ f
∗αj = (−1)
degαidegβiaji.
On the other hand,∫
Γf
i′∗(pr∗1βi ∧ pr
∗
2αj) =
∫
X×X
[Γf ] ∧ pr
∗
1βi ∧ pr
∗
2αj
=
∑
k,l
ckl(−1)
(degβi+degαj)degβl ·
∫
X×X
pr∗1(αk ∧ βi) ∧ pr
∗
2(αj ∧ βl)
=(−1)(degβi+degαj)degβjcij .
So cij = (−1)degαidegβi+(degβi+degαj)degβjaji. The intersection number
Γf ·∆ =
∫
X×X
[Γf ] ∪ [∆]
=(−1)n
∑
i,j
cij
∫
∆
i∗pr∗1αi ∧ i
∗pr∗2βj
=(−1)n
∑
i,j
cij
∫
X
αi ∧ βj
=
∑
i
(−1)degαiaii
=
∑
p
(−1)ptr(f∗|Hp
θ
(X))
=L(f, θ).
Hence L(f, θ) is independent of θ. 
Remark 3.4. (1) χ(X, θ) = χ(X) was first proved in [3] by Atiyah-Singer index theorem.
(2) Let Z be a closed oriented submanifold (without boundary) of an oriented smooth
manifold X of dimension n and codimZ = r. Assume i : Z → X is the inclusion. In
[6],
∫
Z i
∗ω, for any ω ∈ An−rc (X), defines a current, denoted by [Z]. It is closed, hence
defines a class in HrdR(X), also denoted by [Z]. In [4], the Poincare´ dual [ηZ ] is defined as∫
Z i
∗ω =
∫
X ω ∧ ηZ for any d-closed ω ∈ A
n−r
c (X). Then, [ηZ ] = (−1)
r(n−r)[Z] in HrdR(X).
In this article, we use the notation [Z] ∈ HrdR(X) and call it the fundamental class of Z.
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Before considering another version of Ku¨nneth formula, we give a lemma, which is fre-
quently used in follows .
Lemma 3.5. Denote P(X) a statement on a smooth manifold X. Assume P satisfies
conditions:
(i) Local condition: There exists a basis U of topology of X, such that, for any finite
U1, ..., Ul ∈ U , P(U1 ∩ ... ∩ Ul) holds.
(ii) Disjoint condition: Let {Uα|α ∈ Λ} be a collection of disjoint open subsets of X.
If P(Uα) hold for all α ∈ Λ, P(
⋃
α∈Λ Uα) holds.
(iii) Mayer-Vietoris condition: For open subsets U , V of X, if P(U), P(V ) and
P(U ∩ V ) hold, then P(U ∪ V ) holds.
Then P(X) holds.
Proof. We first prove:
(*) For open subsets U1,. . . ,Ur of X , if P(Ui1 ∩ . . . ∩ Uik) holds for any 1 ≤ i1 < . . . <
ik ≤ r, then P(
⋃r
i=1 Ui) holds.
Evidently, for r = 1, it is obviously. Suppose (*) holds for r. For r + 1, set U ′1 =
U1, . . . , U
′
r−1 = Ur−1, U
′
r = Ur ∪ Ur+1. Then P(U
′
i1 ∩ . . . ∩ U
′
ik
) holds for any 1 ≤ i1 < . . . <
ik ≤ r − 1. Moreover, by Mayer-Vietoris condition, P(U ′i1 ∩ . . . ∩ U
′
ik−1
∩ U ′r) also holds for
any 1 ≤ i1 < . . . < ik−1 ≤ r−1, since P(Ui1∩. . .∩Uik−1∩Ur), P(Ui1∩. . .∩Uik−1∩Ur+1) and
P(Ui1 ∩ . . . ∩ Uik−1 ∩ Ur ∩ Ur+1) hold. By inductive hypothesis, P(
⋃r+1
i=1 Ui) = P(
⋃r
i=1 U
′
i)
holds. We proved (*).
Let Uf be the collection of open sets which is the finite union of open sets in U .
(**) P(V ) holds for any finite intersection V of open sets in Uf.
Actually, V =
⋂s
i=1 Ui, where Ui =
⋃ri
j=1 Uij and Uij ∈ U . Then V =
⋃
J∈Λ UJ , where
Λ = {J = (j1, ..., js)|1 ≤ j1 ≤ r1, . . . , 1 ≤ js ≤ rs} and UJ = U1j1 ∩ ... ∩ Usjs . For any
J1, . . . , Jt ∈ Λ, P(UJ1 ∩ . . . ∩ UJt) holds by Local condition. Hence P(V ) = P(
⋃
J∈Λ UJ)
holds by (*).
By [10], p. 16, Prop. II, X = V1 ∪ ... ∪ Vl, where Vi is a countable disjoint union of open
sets in Uf. Obviously, for any 1 ≤ i1 < . . . < ik ≤ l, Vi1 ∩ . . . ∩ Vik is a disjoint union of
the finite intersection of open sets in Uf. By Disjoint condition and (**), P(Vi1 ∩ . . . ∩ Vik)
holds. So P(X) holds by (*). 
Let π : E → X be a smooth fiber bundle on a smooth manifold X . Set
cv = {Z ⊆ E| Z is closed in E and π|Z : Z → X is proper},
where Z ∈ cv is called a compact vertical support. Evidently, Z ∈ cv, if and only if,
π−1(K) ∩ Z is compact for any compact subset K ⊆ X . By [5], IV, 5.3 (b) and 5.5, cv is a
paracompactifying family of supports on E. The sheaf C∞E of germs of smooth functions on
E is cv-soft ([5], II, 9.4), so is ApE for any p ([5], II, 9.16). By [5], II, 9.11, A
p
E is cv-acyclic.
Denote A∗cv(E) = Γcv(E,A
∗
E). Obviously, A
∗
c(E) ⊆ A
∗
cv(E) ⊆ A
∗(E). If X is compact,
A∗c(E) = A
∗
cv(E) and if the fibre of E is compact, A
∗
cv(E) = A
∗(E).
Let (A•E , dΘ) → I
• be an injective resolution of the complex of sheaves in the category
of sheaves on X . By [5], II, 4.1, it induces an isomorphism
H∗Θ,cv(E) := H
∗(A•cv(E), dΘ)→ H
∗(Γcv(E, I
•)) = H∗cv(E,RE,Θ).
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We call H∗Θ,cv(E) compact vertical Morse-Novikov cohomology of E. For dΘ-closed α ∈
A∗(E), denote by [α]Θ,cv the class in H∗Θ,cv(X).
Let Ex be the fiber of E over x ∈ X . For ω ∈ A∗cv(E), supp(ω|Ex) ⊆ Ex ∩ suppω is
compact, so ω|Ex ∈ A
∗
c(Ex). For a closed 1-form Θ on E, the restriction gives a morphism
A∗cv(E)→ A
∗
c(Ex), which induces H
∗
Θ,cv(E)→ H
∗
Θ|Ex ,c
(Ex).
If E is an oriented manifold, A•E →֒ D
′•
E induces an isomorphismH
∗
Θ,cv(E)→˜H
∗(D′•cv(E), dΘ),
where D′∗cv(E) = Γcv(E,D
′∗
E ). For dΘ-closed T ∈ D
′∗
cv(E), denote by [T ]Θ,cv the class in
H∗Θ,cv(E).
Moreover, assume X and E are both oriented manifolds. Let i : X → E be the inclusion
and r = dimE − dimX . For T ∈ D′∗(X), i∗T ∈ D′∗+rcv (E). So i∗ induce a morphism
i∗ : H
∗
Θ|X
(X)→ H∗+rΘ,cv(E).
Lemma 3.6. Let X be a smooth manifold and let θ, µ be closed 1-forms on X, Rn re-
spectively. Set ω = pr∗1θ + pr
∗
2µ, where pr1, pr2 are projections from X × R
n onto X, Rn
respectively. The cartesian product gives an isomorphism of graded vector spaces
H∗θ (X)⊗R H
∗
µ,c(R
n)→ H∗ω,cv(X × R
n),
where pr1 : X × Rn → X is viewed as a smooth fiber bundle.
Proof. For any open set U in X , set
ΨU : H
∗
θ (U)⊗R H
∗
µ,c(R
n)→ H∗ω,cv(U × R
n).
We need to prove that ΨX is an isomorphism. Denote the statement by P(X).
Since Rn is contractible, µ = df for a smooth function f on Rn. If θ|U = dg is an exact
form on U , we have a commutative diagram
H∗θ (U)⊗R H
∗
µ,c(R
n)
eg⊗ef

ΨU
// H∗ω,cv(U × R
n)
epr
∗
1f+pr
∗
2g

H∗(U)⊗R H
∗
c (R
n)
×
// H∗cv(U × R
n),
where the two vertical maps are isomorphic. Let φ be a generator of Hnc (R
n) = R. By [4],
Prop. 6.18, pr∗2φ is the Thom class of the vector bundle U × R
n over U . By [4], Thm. 6.17
and 6.17.1, the second row is an isomorphism. Through the commutative diagram, ΨU is
isomorphic, i.e. P(U) holds.
Let U be a basis of topology of X satisfying that θ|U is exact for any U ∈ U . Then
θ|U1∩...∩Ul is an exact form, for U1,..., Ul ∈ U . So P(U1 ∩ ... ∩ Ul) holds, hence P satisfies
Local condition in Lemma 3.5.
Let {Uα|α ∈ Λ} be a collection of disjoint open subsets of X and ΨUα isomorphisms for
all α ∈ Λ. Clearly, Ψ⋃
α∈Λ Uα
is just the direct product∏
α
ΨUα :
∏
α
(
H∗θ (Uα)⊗R H
∗
µ,c(R
n)
)
→
∏
α
H∗ω,cv(Uα × R
n),
which implies that P(
⋃
α∈Λ Uα) holds. So P satisfies Disjoint condition in Lemma 3.5.
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For open subsets U and V in X , we have a commutative diagram of long exact sequences
(
H∗θ (U ∩ V )⊗R H
∗
µ,c(R
n)
)p−1
ΨU∩V

// (H∗θ (U ∪ V )⊗R H∗µ,c(Rn)
)p
ΨU∪V

// (H∗θ (U)⊗R H∗µ,c(Rn)
)p
⊕
(
H∗θ (V )⊗R H
∗
µ,c(R
n)
)p
...
(ΨU ,ΨV )

Hp−1ω,cv((U ∩ V )× R
n) // Hpω,cv((U ∪ V )× R
n) // Hpω,cv(U × R
n)⊕Hpω,cv(V × R
n)...
.
If ΨU ,ΨV and ΨU∩V are isomorphisms, then ΨU∪V is isomorphic by Five Lemma. So P
satisfies Mayer-Vietoris condition in Lemma 3.5.
By Lemma 3.5, P(X) holds. We get the conclusion. 
Let pr1 : X × Y → X be a trivial smooth fiber bundle and Θ a closed 1-form on X × Y .
If U and V are open subsets in Y , there is an exact sequence of complexes
0 // A•cv(X × (U ∩ V ))
P
// A•cv(X × U)⊕A
•
cv(X × V )
Q
// A•cv(X × (U ∪ V )) // 0 ,
where all the differentials are dΘ, P (α) = (α,−α), Q(β, γ) = β + γ and everything is
extended by zero. It can be proved as the exact sequence of complexes A•c , referring to [4],
Prop. 2.7.
Assume Y =
⊔
α∈I Yα is a disjoint union of smooth manifolds. For a form ω on X×Y and
any compact subset K ⊆ X , (K × Y ) ∩ suppω is compact if and only if, (K × Yα) ∩ suppω
is nonempty for only finite α ∈ I and they are compact. So
A∗cv(X × Y ) =
⊕
α∈I
A∗cv(X × Yα),
where X × Y and X × Yα are viewed as smooth fiber bundles over X .
Theorem 3.7 (Ku¨nneth formula II). Let X and Y be smooth manifolds and let θ, µ be
closed 1-forms on X, Y respectively. Set ω = pr∗1θ + pr
∗
2µ, where pr1, pr2 are projections
from X × Y onto X, Y respectively. The cartesian product gives an isomorphism of graded
vector spaces
H∗θ (X)⊗R H
∗
µ,c(Y )→ H
∗
ω,cv(X × Y ),
where pr1 : X × Y → X is viewed as a smooth fiber bundle.
Proof. For any open set U in Y , set
ΨU : H
∗
θ (X)⊗R H
∗
µ,c(U)→ H
∗
ω,cv(X × U).
We want to prove ΨY is an isomorphism and the statement is called P(Y ) here.
Let U be a good covering of Y such that it also a basis of topology of Y . Then, for U1,...,
Ul ∈ U , U1∩ ...∩Ul is diffeomorphic to R
n, where n = dimY . By Lemma 3.6, P(U1∩ ...∩Ul)
holds, so P satisfies Local condition in Lemma 3.5.
Let {Uα|α ∈ Λ} be a collection of disjoint open subsets of Y and ΨUα isomorphisms for
all α ∈ Λ. Clearly, Ψ⋃
α∈Λ Uα
is the direct sum⊕
α
ΨUα :
⊕
α
(
H∗θ (X)⊗R H
∗
µ,c(Uα)
)
→
⊕
α
H∗ω,cv(X × Uα),
which implies P(
⋃
α∈Λ Uα) holds. So P satisfies Disjoint condition in Lemma 3.5.
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For open subsets U and V in Y , the diagram of exact sequences
...
(
H∗θ (X)⊗R H
∗
µ,c(U)
)p
⊕
(
H∗θ (X)⊗R H
∗
µ,c(V )
)p
(ΨU ,ΨV )

// (H∗θ (X)⊗R H∗µ,c(U ∪ V )
)p
ΨU∪V

// (H∗θ (X)⊗R H∗µ,c(U ∩ V )
)p+1
...
ΨU∩V

...Hpω,cv(X × U) ⊕H
p
ω,cv(X × V )
// Hpω,cv(X × (U ∪ V ))
// Hp+1ω,cv(X × (U ∩ V ))...
is commutative. If ΨU ,ΨV and ΨU∩V are isomorphisms, then ΨU∪V is isomorphic by Five
Lemma. So P satisfies Mayer-Vietoris condition in Lemma 3.5.
By Lemma 3.5, P(Y ) holds. We complete the proof. 
3.2. A theorem of Leray-Hirsch type.
Lemma 3.8. Let F be a smooth manifold and K : A∗(Rn × F ) → A∗−1(Rn × F ) defined
as (3). If α ∈ A∗cv(R
n × F ), then K(α) ∈ A∗−1cv (R
n × F ).
Proof. Let pr23 : R× Rn × F → Rn × F be the projection map and
C = pr23
(
g−1(suppα) ∩ ([0, 1]× Rn × F )
)
.
Obviously, C is closed in Rn × F and g−1(suppα) ∩ ([0, 1]× Rn × F ) ⊆ [0, 1]× C. By [10],
p. 179, Remark, supp (i(∂/∂t)g∗α) ∩ ([0, 1]× Rn × F ) ⊆ [0, 1]× C. So suppK(α) ⊆ C.
For any compact subset L ⊆ Rn, let h : [0, 1] × L → Rn map (t, x) to (1 − t)x. Then
h × idF is the restriction of g on [0, 1] × L × F . Choose a closed ball B ⊇ L with finite
volume, which contains original point as its center. Then
π−1(L) ∩ suppK(α) ⊆(L× F ) ∩ pr23
(
g−1(suppα) ∩ ([0, 1]× Rn × F )
)
=pr23
(
([0, 1]× L× F ) ∩ g−1(suppα)
)
⊆pr23
(
(h× idF )
−1 ((B × F ) ∩ suppα)
)
.
Clearly, h×idF is proper and (B×F )∩suppα is compact, so π
−1(L)∩suppK(α) is compact.
We complete the proof. 
Theorem 3.9. Let π : E → X be a smooth fiber bundle over a smooth manifold X and let
θ, Ω be closed 1-forms on X, E respectively. Set θ˜ = π∗θ.
(1) Assume there exist classes e1, . . . , er of pure degrees in H
∗
Ω(E), such that, for every
x ∈ X, their restrictions e1|Ex , . . . , er|Ex freely linearly generate H
∗
Ω|Ex
(Ex). Then, π
∗(•)∧•
gives an isomorphism of graded vector spaces
H∗θ (X)⊗R spanR{e1, ..., er}→˜H
∗
θ˜+Ω
(E).
(2) Assume there exist classes e1, . . . , er of pure degrees in H
∗
Ω,cv(E), such that, for every
x ∈ X, their restrictions e1|Ex , . . . , er|Ex freely linearly generate H
∗
Ω|Ex ,c
(Ex). Then, π
∗(•)∧
• gives isomorphisms of graded vector spaces
H∗θ,c(X)⊗R spanR{e1, ..., er}→˜H
∗
θ˜+Ω,c
(E)
and
H∗θ (X)⊗R spanR{e1, ..., er}→˜H
∗
θ˜+Ω,cv
(E).
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(3) Assume there exist classes e1, . . . , er of pure degrees in H
∗
Ω,c(E), such that, for every
x ∈ X, their restrictions e1|Ex , . . . , er|Ex freely linearly generate H
∗
Ω|Ex ,c
(Ex). Then, π
∗(•)∧
• gives isomorphisms of graded vector spaces
H∗θ,c(X)⊗R spanR{e1, ..., er}→˜H
∗
θ˜+Ω,c
(E).
Proof. Let F be the general fiber of E and dimX = n.
(1) For any open set U ⊆ X , set
ΨU = π
∗(•) ∪ • : H∗θ (U)⊗R spanR{e1, ..., er}→˜H
∗
θ˜+Ω
(EU ),
where EU = π
−1(U). Our goal is to prove that ΨX is an isomorphism, which is called the
statement P(X).
For an open set U of X , suppose that U is diffeomorphic to Rn and EU is smooth trivial.
Let ϕU : U ×F → EU be a smooth trivialization and let pr1, pr2 be projections from U ×F
to U , F respectively, which satisfy π ◦ϕU = pr1. Fixed a point o ∈ U , set jo : F → U ×F as
f 7→ (o, f). Clearly, pr2 ◦ jo = idF and io := ϕU ◦ jo is the embedding F →֒ EU of the fiber
Eo over o into EU . Set e
′
i = (ϕU )
∗ei in H
∗
ϕ∗
U
Ω(U×F ), i = 1, ..., r. Then j
∗
oe
′
i = i
∗
oei for any i.
i∗oe1, ..., i
∗
oer are linearly independent, so are e
′
1, ..., e
′
r. Then, mapping ei to e
′
i for i = 1, ..., r
give a natural linear isomorphism spanR{e1, ..., er} → spanR{e
′
1, ..., e
′
r}. Let {βi}
r
i=1 be a
system of forms of pure degrees in A∗(U × F ), such that e′i = [βi]ϕ∗UΩ for 1 ≤ i ≤ r. By
formulas (2) and (4), we can choose a smooth function u on U × F such that
pr∗2i
∗
0Ω− ϕ
∗
UΩ = pr
∗
2j
∗
0ϕ
∗
UΩ− ϕ
∗
UΩ = du
and
βi − e
u · pr∗2j
∗
0βi = dϕ∗UΩγi,
for some γi ∈ A∗(U × F ). Then
e−u · pr∗1α ∧ βi = pr
∗
1α ∧ pr
∗
2j
∗
0βi + (−1)
degαdpr∗1θ+pr∗2 i∗0Ω(e
−u · pr∗1α ∧ γi),
for any dθ-closed form α ∈ A∗(U). We obtain a commutative diagram
H∗θ (U)⊗R spanR{e1, ..., er}
ΨU

∼=
// H∗θ (U)⊗R spanR{e
′
1, ..., e
′
r}
pr∗1 (•)∪•

id⊗j∗0
// H∗θ (U)⊗R H
∗
i∗0Ω
(F )
×

H∗
θ˜+Ω
(EU )
ϕ∗U
// H∗pr∗1θ+ϕ∗UΩ
(U × F )
e−u
// H∗pr∗1θ+pr∗2 i∗0Ω(U × F ),
which implies ΨU is isomorphic by Ku¨nneth formual I. So P(U) holds.
Let U be a good covering of X such that it is a basis of topology of X and EU is smooth
trivial for any U ∈ U . For U1,..., Ul ∈ U , U1∩ ...∩Ul is diffeomorphic to Rn and EU1∩...∩Ul is
smooth trivial, so ΨU1∩...∩Ul is an isomorphism. Hence P satisfies Local condition in Lemma
3.5.
Let {Uα|α ∈ Λ} be a collection of disjoint open subsets of X and ΨUα isomorphisms for
all α ∈ Λ. Clearly, Ψ⋃
α∈Λ Uα
is the direct product∏
α
ΨUα :
∏
α
(H∗θ (Uα)⊗R spanR{e1, ..., er})→
∏
α
H∗
θ˜+Ω
(EUα).
Then P(
⋃
α∈Λ Uα) holds. So P satisfies Disjoint condition in Lemma 3.5.
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Put L∗ = spanR{e1, ..., er}, which is a graded vector space. We have a commutative
diagram of long exact sequences
... (H∗θ (U ∩ V )⊗R L
∗)p−1
ΨU∩V

// (H∗θ (U ∪ V )⊗R L
∗)p
ΨU∪V

// (H∗θ (U)⊗R L
∗)p ⊕ (H∗θ (V )⊗R L
∗)p ...
(ΨU ,ΨV )

...H
p−1
θ˜+Ω
(EU∩V ) // H
p
θ˜+Ω
(EU∪V ) // H
p
θ˜+Ω
(EU)⊕H
p
θ˜+Ω
(EV )...
.
If ΨU , ΨV and ΨU∩V are isomorphisms, then ΨU∪V is an isomorphism by Five Lemma. So
P satisfies Mayer-Vietoris condition.
By Lemma 3.5, we proved (1).
(2) For any open set U ⊆ X , set
ΨU = π
∗(•) ∪ • : H∗θ,c(U)⊗R spanR{e1, ..., er}→˜H
∗
θ˜+Ω,c
(EU ).
We would like to prove that ΨX is an isomorphism. Here, this statement is called P(X).
For an open set U of X , suppose that EU is smooth trivial. Assume ϕU , pr1, pr2, o,
jo and io are defined as them in the proof of (1). Set e
′
i = (ϕU )
∗ei in H
∗
ϕ∗UΩ,cv
(U × F ),
i = 1, ..., r. Similar with the proof of (1), spanR{e1, ..., er}→˜spanR{e
′
1, ..., e
′
r}. Let {βi}
r
i=1
be a system of forms of pure degrees in A∗cv(U ×F ), such that e
′
i = [βi]ϕ∗UΩ,cv for 1 ≤ i ≤ r.
By formulas (2), (4) and Lemma 3.8,, we can choose a smooth function u on U × F such
that
pr∗2i
∗
0Ω− ϕ
∗
UΩ = du
and
βi − e
u · pr∗2j
∗
0βi = dϕ∗UΩγi,
for some γi ∈ A∗cv(U × F ). Then
e−u · pr∗1α ∧ βi = pr
∗
1α ∧ pr
∗
2j
∗
0βi + (−1)
degαdpr∗1θ+pr∗2 i∗0Ω(e
−u · pr∗1α ∧ γi),
for any dθ-closed form α ∈ A∗c(U). Since pr
∗
1α ∧ γi has compact support, we get a commu-
tative diagram
H∗θ,c(U)⊗R spanR{e1, ..., er}
ΨU

∼=
// H∗θ,c(U)⊗R spanR{e
′
1, ..., e
′
r}
pr∗1 (•)∪•

id⊗j∗0
// H∗θ,c(U)⊗R H
∗
i∗0Ω,c
(F )
×

H∗
θ˜+Ω,c
(EU )
ϕ∗U
// H∗pr∗1θ+ϕ∗UΩ,c
(U × F )
e−u
// H∗pr∗1θ+pr∗2 i∗0Ω,c(U × F ),
which implies ΨU is isomorphic by Ku¨nneth formual I. So P(U) holds.
Let U be a basis of topology of X , such that, EU is smooth trivial for any U ∈ U . For
U1,..., Ul ∈ U , EU1∩...∩Ul is smooth trivial, so ΨU1∩...∩Ul is an isomorphism. Hence P satisfies
Local condition in Lemma 3.5.
Let {Uα|α ∈ Λ} be a collection of disjoint open subsets of X and ΨUα isomorphisms for
all α ∈ Λ. Obviously, Ψ⋃
α∈Λ Uα
is just the direct sum⊕
α
ΨUα :
⊕
α
(
H∗θ,c(Uα)⊗R spanR{e1, ..., er}
)
→
⊕
α
H∗
θ˜+Ω,c
(EUα).
It is an isomorphism. Hence P satisfies Disjoint condition.
MORSE-NOVIKOV COHOMOLOGY FOR BLOW-UPS OF COMPLEX MANIFOLDS 17
Put L∗ = spanR{e1, ..., er}, which is a graded vector space. There is a commutative
diagram of long exact sequences
...
(
H∗θ,c(U)⊗R L
∗
)p
⊕
(
H∗θ,c(V )⊗R L
∗
)p
(ΨU ,ΨV )

//
(
H∗θ,c(U ∪ V )⊗R L
∗
)p
ΨU∪V

//
(
H∗θ,c(U ∩ V )⊗R L
∗
)p+1
...
ΨU∩V

...H
p
θ˜+Ω,c
(EU)⊕H
p
θ˜+Ω,c
(EV ) // H
p
θ˜+Ω,c
(EU∪V ) // H
p+1
θ˜+Ω,c
(EU∩V )...
.
If ΨU , ΨV and ΨU∩V are isomorphisms, then ΨU∪V is an isomorphism by Five Lemma. So
P satisfies Mayer-Vietoris condition.
By Lemma 3.5, we get the first part of (2).
For the second part of (2), if U is diffeomorphic to Rn and EU is smooth trivial for an
open set U of X , we have a commutative diagram
H∗θ (U)⊗R spanR{e1, ..., er}
ΨU

∼=
// H∗θ (U)⊗R spanR{e
′
1, ..., e
′
r}
pr∗1 (•)∪•

id⊗j∗0
// H∗θ (U)⊗R H
∗
i∗0Ω,c
(F )
×

H∗
θ˜+Ω,cv
(EU )
ϕ∗U
// H∗pr∗1θ+ϕ∗UΩ,cv
(U × F )
e−u
// H∗pr∗1θ+pr∗2 i∗0Ω,cv(U × F ),
where ϕU , pr1, pr2, o, jo, io and e
′
i are defined as them in the proof of the first part of (2).
From the commutative diagram, ΨU is isomorphic by Ku¨nneth formual II. The rest of the
proof is the same with that of (1), except that we use H∗
θ˜+Ω,cv
(E) instead of H∗
θ˜+Ω
(E).
(3) Let eˆ1, . . . , eˆr be the image of e1, . . . , er under the natural map H
∗
Ω,c(E)→ H
∗
Ω,cv(E).
By the hypothesis, it gives an isomorphism spanR{e1, ..., er}→˜spanR{eˆ1, ..., eˆr}, which im-
mediately implies (3) by (2). 
Remark 3.10. In [16], H. A. Haddou proved (1) in above theorem for the case that X has
a finite good covering and Ω = 0.
Suppose π : E → X is an oriented smooth vector bundle of rank r on a (unnecessarily
orientable) smooth manifold X and ω ∈ Apcv(E). For a chart U on X satisfying E|U is
trivial, let (x1, ..., xn; t1, ..., tr) be the local coordinates of E such that dt1 ∧ ... ∧ dtr gives
the orientation of E. If ω =
∑
|I|+|J|=p fI,J(t, x)dtI ∧ dxJ on E|U , then∑
|J|=p−r
(∫
Rr
f1...r,J(t, x)dt1 ∧ ... ∧ dtr
)
dxJ
define a (p− r)-form on U . For various charts of X , these forms give a global smooth form
on X , denoted by π∗ω.
Remark 3.11. π∗ω defined here coincides with that in [4] (cf. p. 61), up to a sign (−1)r(p−r).
Moreover, if X is oriented, π∗ω defined here is exactly the pushout of ω as currents (cf. [6], p.
18, 2.16).
By Thom isomorphism theorem, π∗ : H
∗
cv(E) → H
∗−r
dR (X) is an isomorphism. Let Φ ∈
Arcv(E) satisfy π∗[Φ]cv = 1 in H
0
dR(X). [Φ]cv ∈ H
r
cv(E) is called Thom class of E. Evidently,
π∗Φ = 1 in A
0(X).
18 LINGXU MENG
Corollary 3.12 (Thom Isomorphism). Let π : E → X be an oriented smooth vector bundle
of rank r on a smooth manifold X. Assume θ is a closed 1-form on X. Then, Φ ∧ π∗(•)
gives isomorphisms
H∗−rθ,c (X)→˜H
∗
θ˜,c
(E)
and
H∗−rθ (X)→˜H
∗
θ˜,cv
(E).
which have the inverse isomorphism π∗. Moreover, if X is oriented, they coincide with the
pushout i∗.
Proof. By [4], Prop. 6.18, the restriction [Φ]|Ex is a generator of H
∗
dR,c(Ex). By Theorem
3.9 (2), Φ ∧ π∗(•) gives isomorphisms. For α ∈ A∗(X), π∗(Φ ∧ π∗α) = α, so π∗ is their
inverse isomorphisms.
If X is oriented, i∗ is defined well and π∗i∗ = id. So i∗ = π
−1
∗ = Φ ∧ π
∗. 
4. Bimeromorphic formulas
Let X be a complex manifold, AkX,C = A
k
X ⊗R C and D
′k
X,C = D
′k
X ⊗R C. For a complex
closed 1-form θ, we can define dθ, H
∗
θ (X) and CX,θ as them in the real case. All the
conclusions in this article also hold for the complex case. In follows, we still consider the
real closed 1-form θ and still call it closed 1-form.
4.1. Two blow-up formulas. Yang and Zhao [29] proved a formula of blow-up for the
compact locally conformal Ka¨hler manifold with θ|Y = 0, which generalized Voisin’s result
on compact Ka¨hler manifolds, seeing [27]. We will establish two formulas of blow-up for
Morse-Novikov cohomology on general complex manifolds. Moreover, we will write out the
isomorphisms explicitly.
Lemma 4.1. Let π : E → X be a smooth vector bundle of rank r on a smooth manifold
X and i : X → E the inclusion of zero section. Assume Θ is a closed 1-form on E.
Then, i∗ : H∗Θ(E)→˜H
∗
Θ|X
(X) is an isomorphism. Moreover, if X and E are oriented, then
i∗ : H
∗
Θ|X ,c
(X)→˜H∗+rΘ,c (E) and i∗ : H
∗
Θ|X
(X)→˜H∗+rΘ,cv(E) are also isomorphisms.
Proof. Set e1 = 1 ∈ H0dR(E). Then e1|Ex = 1 generates H
∗
dR(Ex) for any x ∈ X . By
Theorem 3.9 (1), π∗ : H∗Θ|X (X) → H
∗
pi∗(Θ|X )
(E) is an isomorphism. Since πi = idX , i
∗ :
H∗pi∗(Θ|X)(E)→ H
∗
Θ|X
(X) is also an isomorphism. Since iπ and idE are smooth homotopic,
Θ − π∗i∗Θ = du for some u ∈ A0(E). Obviously, d(i∗u) = 0, hence i∗u is a constant. We
can choose u satisfying i∗u = 0, which gives a commutative diagram
H∗Θ(E)
eu·
//
i∗
%%❏
❏❏
❏❏
❏❏
❏❏
❏
H∗pi∗(Θ|X)(E)
i∗
xxqq
qq
qq
qq
qq
q
H∗Θ|X (X)
,
which implies that i∗ : HpΘ(E)→ H
p
Θ|X
(X) is an isomorphism.
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By the projection formula of currents, eu · i∗α = i∗(ei
∗u · α) = i∗α for any α ∈ A∗c(X).
So, there is a commutative diagram
H∗+rΘ,c (E)
eu·

H∗Θ|X ,c(X)
i∗
55❧❧❧❧❧❧❧❧❧
i∗ ))❘
❘❘
❘❘
❘❘
❘
H∗+rpi∗(Θ|X),c(E)
.
By Corollary 3.12, i∗ : H
∗
Θ|X ,c
(X)→˜H∗+rΘ,c (E) is an isomorphism. By the same way, we can
prove that i∗ : H
∗
Θ|X
(X)→˜H∗+rΘ,cv(E) is also an isomorphism. 
The following lemma was proved in [4], p. 67, but there, the proof seems not to be
rigorous in using Stokes’ theorem. Here we give a proof.
Lemma 4.2. Let E be an oriented vector bundle with rank r on an oriented smooth manifold
X and Φ ∈ Arcv(E) a representative of Thom class of E defined in Sec. 3. Then [Φ] = [X ]
in HrdR(E).
Proof. Assume n = dimX . Let π : E → X be the projection and i : X → E the inclusion
of zero section. Since i ◦ π and idE are smooth homotopic, π∗i∗ = id on HndR(E). Then, for
any closed form β ∈ Anc (E), β = π
∗i∗β + dγ for some γ ∈ An−1(E). Φ ∧ β and Φ ∧ π∗i∗β
have compact supports, so does Φ ∧ dγ = (−1)rd(Φ ∧ γ). Let {Uλ} be a locally finite open
covering of X such that every Uλ is compact and {ρλ} a partition of unity subordinate to
{Uλ}. Then
∑
λ π
∗ρλ = π
∗(
∑
λ ρλ) = 1. Since π
∗ρλ ·Φ∧γ has compact support, by Stokes’
theorem,
∫
E d(π
∗ρλ · Φ ∧ γ) = 0. So∫
E
d(Φ ∧ γ) =
∫
E
d
(∑
λ
π∗ρλ · Φ ∧ γ
)
=
∑
λ
∫
E
d(π∗ρλ · Φ ∧ γ) = 0.
Therefore, ∫
E
Φ ∧ β =
∫
E
Φ ∧ π∗i∗β +
∫
E
Φ ∧ dγ =
∫
X
π∗Φ ∧ i
∗β =
∫
X
i∗β,
which implies [Φ] = [X ] in HrdR(E). 
Let j : U → X be the inclusion of an open subset U into a n-dimensional oriented smooth
manifold X . For a current T ∈ D
′p(X), the current j∗T is defined as 〈j∗T, β〉 = 〈T, j∗β〉 for
any β ∈ An−pc (U), where 〈, 〉 is the pair of the topological dual. Let θ be a closed 1-form onX .
Clearly, dθ|U (j
∗T ) = j∗(dθT ), so j
∗ induces Hp(D
′•(X), dθ) → Hp(D
′•(U), dθ|U ), which is
compatible with the pullback j∗ of Morse-Novikov cohomology, since
∫
U
j∗α∧β =
∫
X
α∧j∗β
for α ∈ Ap(X) and β ∈ An−pc (U).
Lemma 4.3. Let Y be an oriented connected submanifold of an oriented connected smooth
manifold X and i : Y → X the inclusion. Assume θ is a closed 1-form on X and [Y ] is the
fundamental class of Y in X.
(1) For σ ∈ H∗θ|Y (Y ),
i∗i∗σ = [Y ]|Y ∪ σ.
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(2) For σ ∈ H∗θ|Y ,c(Y ),
i∗i∗σ = [Y ]|Y ∪ σ.
Proof. Set r = codimY . Let N be a tubular neighborhood of Y in X and denote τ the
projection of the vector bundle N over Y . Let l : Y → N and j : N → X be inclusions.
Denote [Y ]N ∈ H
r
dR(N) the fundamental class of Y in N . We choose u ∈ A
0(N) satisfying
θ|N − τ∗(θ|Y ) = du and l∗u = 0. For any current T on Y , e−u · l∗T = l∗(e−l
∗u · T ) = l∗T ,
by the projection formula of currents.
(1) By the localization principle ([4], Prop. 6.25), there is a representative ηY ∈ Ar(X)
of [Y ] such that suppηY ⊆ N . Then ηY |N is a representative of [Y ]N . We have l∗(1) =
ηY |N + dS for some S ∈ D
′r−1(N). For σ = [α]θ|Y ∈ H
∗
θ|Y
(Y ), as a current on N ,
l∗α =e
−u · l∗α = e
−u · l∗l
∗τ∗α
=e−u · l∗(1) ∧ τ
∗α
=e−u · ηY |N ∧ τ
∗α+ dθ|N (e
−u · S ∧ τ∗α).
Since supp(l∗α) ⊆ Y , j|supp(l∗α) is proper, which implies that j∗(l∗α) is defined well. Clearly,
j∗(l∗α) = i∗α and j
∗j∗(l∗α) = l∗α. We have
i∗i∗σ =l
∗j∗[i∗α]θ = l
∗[j∗j∗l∗α]θ|N
=l∗[l∗α]θ|N = l
∗[e−u · ηY |N ∧ τ
∗α]θ|N
=[Y ]|Y ∪ σ.
(2) Let Φ ∈ Arcv(N) be a representative of Thom class of vector bundle N satisfying
τ∗Φ = 1. For σ = [α]θ|Y ,c ∈ H
∗
θ|Y ,c
(Y ), by Lemma 3.12,
l∗α =e
−u · l∗α
=e−u ·
(
Φ ∧ τ∗α+ dτ∗(θ|N)S
)
=e−u · Φ ∧ τ∗α+ dθ|N (e
−uS).
for some S ∈ D′p+r−1c (N). Therefore,
i∗i∗σ =i
∗j∗[l∗α]θ|N ,c = i
∗j∗[e
−u · Φ ∧ τ∗α]θ|N ,c
=[l∗j∗j∗(e
−uΦ ∧ τ∗α)]θ|Y ,c
=[Φ]|Y ∪ σ,
where we used that j∗j∗ = id on A∗c(N). By Lemma 4.2, [Φ] = [Y ]N in H
r
dR(N). Since
[Y ]N |Y = [Y ]|Y , i
∗i∗σ = [Y ]|Y ∪ σ. 
Lemma 4.4. Let π : P(E) → X be the projectivization of a complex vector bundle E of
rank r on a complex manifold X and θ a closed 1-form on X. Assume θ˜ = π∗θ and h =
c1(OP(E)(−1)) ∈ H
2
dR(P(E)) is the first Chern class of the universal line bundle OP(E)(−1)
on P(E). Then π∗(•) ∧ • gives isomorphisms of graded vector spaces
H∗θ (X)⊗R spanR{1, ..., h
r−1}→˜H∗
θ˜
(P(E))
and
H∗θ,c(X)⊗R spanR{1, ..., h
r−1}→˜H∗
θ˜,c
(P(E)).
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Proof. For every x ∈ X , 1, h,. . . , hr−1 restricted to the fibre π−1(x) = P(Ex) freely generate
H∗dR(P(Ex)). By Theorem 3.9, we proved the lemma. 
Let π : X˜Y → X is the blow-up of a connected complex manifold X along a connected
complex submanifold Y and θ a closed 1-form on X . We know the exceptional divisor
E = π−1(Y ) is naturally identified with the projectivization E = P(NY/X) of the normal
bundle NY/X . Let h = c1(OE(−1)) ∈ H
2
dR(E) be the first Chern class of the universal line
bundle OE(−1) on E.
Theorem 4.5. Assume X, Y , π, X˜Y , E, h are defined as above. Let iE : E → X˜Y be the
inclusion, θ˜ = π∗θ and r = codimCY . Then, for any k,
(5) π∗ +
r−2∑
i=0
(iE)∗ ◦ (h
i∪) ◦ (π|E)
∗
gives two isomorphisms
Hkθ (X)⊕
r−2⊕
i=0
Hk−2−2iθ|Y (Y )→˜H
k
θ˜
(X˜Y )
and
Hkθ,c(X)⊕
r−2⊕
i=0
Hk−2−2iθ|Y ,c (Y )→˜H
k
θ˜,c
(X˜Y ).
Proof. Set U = X − Y and U˜ = X˜Y − E. Then π|U˜ : U˜ → U is biholomorphic.
Choose a tubular neighbourhood V of Y in X such that V˜ = π−1(V ) is a tubular
neighbourhood of E in X˜Y . Set W = U ∩ V and W˜ = U˜ ∩ V˜ . Then π|W˜ : W˜ → W is
biholomorphic. We have a commutative diagram of long exact sequences
· · · // Hk−1θ (W )
∼=

// Hkθ (X)
pi∗

// Hkθ (U)⊕H
k
θ (V )
(pi|
U˜
)∗⊕(pi|
V˜
)∗

// Hkθ (W )
∼=

// Hk+1θ (X)
pi∗

// · · ·
· · · // Hk−1
θ˜
(W˜ ) // Hk
θ˜
(X˜Y ) // H
k
θ˜
(U˜)⊕Hk
θ˜
(V˜ ) // Hk
θ˜
(W˜ ) // Hk+1
θ˜
(X˜Y ) // · · ·
.
By Corollary 2.9, π∗ is injective. By Snake Lemma ([18], p. 4), we have an isomorphism
(6) cokerπ∗→˜coker
(
(π|U˜ )
∗ ⊕ (π|V˜ )
∗
)
∼= coker(π|V˜ )
∗.
Let i′Y : Y → V and i
′
E : E → V˜ be the inclusions. By Lemma 4.1, i
′∗
Y : H
k
θ (V ) →
Hkθ|Y (Y ) and i
′∗
E : H
k
θ˜
(V˜ ) → Hk
θ˜|E
(E) are isomorphisms. Since π|V˜ ◦ i
′
E = i
′
Y ◦ π|E , i
′∗
E
induces an isomorphism
(7) coker(π|V˜ )
∗→˜coker(π|E)
∗.
Combining (6) and (7), we have a commuative diagram of short exact sequences
(8) 0 // Hkθ (X)
i∗Y

pi∗
// Hk
θ˜
(X˜Y )
i∗E

// cokerπ∗
∼=

// 0
0 // Hkθ|Y (Y )
(pi|E)
∗
// Hk
θ˜|E
(E) // coker(π|E)∗ // 0
.
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By Lemma 4.4, we have the isomorphism
(9) (π|E)
∗(•) ∪ • : H∗θ|Y (Y )⊗R spanR{1, ..., h
r−1}→˜H∗
θ˜|E
(E).
Notice that OE(−1) = OX˜Y (E)|E , so h = [E]|E .
Suppose π∗αk +
∑r−2
i=0 (iE)∗
(
hi ∪ (π|E)∗βk−2−2i
)
= 0, where αk ∈ Hkθ (X) and βk−2−2i ∈
Hk−2−2iθ|Y (Y ) for i = 0, 1, ..., r − 2. Pull back it by i
∗
E , by Lemma 4.3,
(π|E)
∗i∗Y αk +
r−2∑
i=0
hi+1 ∪ (π|E)
∗βk−2−2i = 0,
where iY : Y → X is the inclusion. By the isomorphism (9), βk−2−2i = 0 for every i. So
π∗αk = 0. By Corollary 2.9, αk = 0. Hence the morphism (5) is injective.
For any γ ∈ Hk
θ˜
(X˜Y ), by the isomorphism (9), there exist βk−2i ∈ H
k−2i
θ|Y
(Y ) for i =
0, 1, ..., r − 1, such that i∗Eγ =
∑r−1
i=0 h
i ∪ (π|E)∗βk−2i. By Lemma 4.3,
i∗E
[
γ −
r−2∑
i=0
(iE)∗
(
hi ∪ (π|E)
∗βk−2−2i
)]
= (π|E)
∗βk,
which is zero in coker(π|E)∗. By commutative diagram (8),
γ −
r−2∑
i=0
(iE)∗
(
hi ∪ (π|E)
∗βk−2−2i)
)
= π∗αk,
for some αk ∈ H
k
θ (X). So the morphism (5) is surjective.
We proved the first part.
By Proposition 2.5 and 2.6, we have the commutative diagram of long exact sequences
· · · // Hkθ,c(U)
∼=

// Hkθ,c(X)
pi∗

// Hkθ|Y ,c(Y )
(pi|E)
∗

// Hk+1θ,c (U)
∼=

// · · ·
· · · // Hk
θ˜,c
(U˜) // Hk
θ˜,c
(X˜Y )
i∗E
// Hk
θ˜|E ,c
(E) // Hk+1
θ˜,c
(U˜) // · · ·
.
By Corollary 2.9, π∗ is injective. By Snake Lemma, i∗E induces an isomorphism
cokerπ∗→˜coker(π|E)
∗.
Similarly with the proof of the first part, the morphism (5) gives the second isomorphism. 
4.2. A modification formula.
Lemma 4.6. Let X be a complex manifold and θ a closed 1-form on X. Suppose A ⊆ X is
an analytic subset of dimension r and denote by Asm the set of nonsingular points of A.
(1) For p > 2r, Hpc (A,RX,θ) = 0.
(2) If A is irreducible, then
H2rc (A,RX,θ) =
{
R, if θ is exact on Asm
0, otherwise
.
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(3) Suppose A is irreducible and π : A˜→ A is a desingularization. Then
H2rc (A,RX,θ) =
{
R, if (iπ)∗θ is exact on A˜
0, otherwise
,
where i : A→ X is the inclusion.
(4) Let {Aα} be the collection of r-dimensional irreducible components of A. Then
H2rc (A,RX,θ) =
⊕
α
H2rc (Aα,RX,θ).
Proof. (1) Assume p > 2r. If A is nonsingular, Hpc (A,RX,θ) = H
p
θ|A,c
(A) = 0. For the
general case, let As = A−Asm be the set of singular points of A. Set A
0 = A, Ai = (Ai−1)s
for i ≥ 1. There exists i0, such that Ai0+1 = ∅ and Ai0 6= ∅, i.e. Ai0 is nonsingular. By
Proposition 2.6, we have a long exact sequence for (Ai−1, Ai),
· · · // Hpc ((A
i−1)sm,RX,θ)
// Hpc (A
i−1,RX,θ)
// Hpc (A
i, RX,θ)
// Hp+1c ((A
i−1)sm,RX,θ)
// · · · .
We have Hpc ((A
i−1)sm,RX,θ) = H
p+1
c ((A
i−1)sm,RX,θ) = 0, since (A
i−1)sm is nonsingular.
Hence, for any i, Hpc (A
i−1,RX,θ) = H
p
c (A
i,RX,θ), which imply
Hpc (A,RX,θ) = H
p
c (Ai0 ,RX,θ) = 0.
(2) By (1), H2r−1c (As,RX,θ) = H
2r
c (As,RX,θ) = 0. Similarly with the proof in (1), for
(A,As), we have
H2rc (A,RX,θ) = H
2r
θ|Asm ,c
(Asm).
We get (2) by [15], Example 1.6.
(3) Since dimCπ
−1(As) < r,
H2r−1c (π
−1(As),RA˜,(ipi)∗θ) = H
2r
c (π
−1(As),RA˜,(ipi)∗θ) = 0.
By Proposition 2.6, for π : (A˜, π−1(As))→ (A,As), we have
H2rc (A,RX,θ) = H
2r
(ipi)∗θ,c(A˜).
We get (3) by [15], Example 1.6.
(4) Let B =
⋃
αAα be the union of all r-dimensional components of A. Then A − B is
an analytic subset of the complex manifold X − B satisfying dimC(A − B) < r. By (1),
H2rc (A−B,RX,θ) = 0. For (A,B), we have
H2rc (A,RX,θ) = H
2r
c (B,RX,θ).
Set
C :=
⋃
α6=β
(Aα ∩ Aβ),
A′α := Aα − C ∩ Aα.
Then B − C =
⋃
αA
′
α and A
′
α ∩ A
′
β = ∅ for α 6= β. For (B,C), we have
H2rc (B,RX,θ) = H
2r
c (B − C,RX,θ) =
⊕
α
H2rc (A
′
α,RX,θ).
Similarly, H2rc (A
′
α,RX,θ) = H
2r
c (Aα,RX,θ). We complete the proof. 
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A proper holomorphic map π : X → Y between connected complex manifolds is called a
proper modification, if there is a nowhere dense analytic subset F ⊂ Y , such that π−1(F ) ⊂
X is nowhere dense and π : X − f−1(F ) → Y − F is biholomorphic. If F is the minimal
analytic subset satisfying above condition, then we call E = π−1(F ) the exceptional set of
the proper modification π.
Theorem 4.7. Let π : X → Y be a proper modification of connected complex manifolds
with the exceptional set E and θ a closed 1-form on Y .
(1) There exists an exact sequence
0 // H2n−2θ,c (Y )
pi∗
// H2n−2
θ˜,c
(X) //
⊕
α∈I H
2n−2
c (Eα,RX,θ˜)
// 0 ,
where {Eα}α∈I is the collection of all irreducible components of E.
(2) π∗ gives isomorphisms H1θ (Y )→˜H
1
θ˜
(X) and H2n−1θ,c (Y )→˜H
2n−1
θ˜,c
(X).
Proof. (1) Set F = π(E), V = Y − F and U = X − E. By Proposition 2.6, there is a
commutative diagram of long exact sequences
(10) · · · // H2n−2θ,c (V )
∼=

// H2n−2θ,c (Y )
pi∗

// H2n−2c (F,RY,θ)
(pi|E)
∗

// H2n−1θ,c (V )
∼=

// · · ·
· · · // H2n−2
θ˜,c
(U) // H2n−2
θ˜,c
(X) // H2n−2c (E,RX,θ˜)
// H2n−1
θ˜,c
(U) // · · ·
.
By [13], p. 215 or [12], E has pure codimension 1 and codimCF ≥ 2. So H2n−2c (F,RY,θ) = 0.
By the injectivity of π∗ and Snake Lemma, cokerπ∗ = coker (π|E)
∗
= H2n−2c (E,RX,θ˜). By
Lemma 4.6 (4), we proved (1).
(2) Through the commutative diagram (10), π∗ : H2n−1θ,c (Y )→˜H
2n−1
θ˜,c
(X) is isomorphic.
By this isomorphism for −θ instead of θ and by Poincare´ duality, π∗ : H1θ˜ (X)→˜H
1
θ (Y ) is
isomorphic. By the projection formula, π∗π
∗ = id, so π∗ is also an isomorphism. 
We get two bimeromorphic invariants b1(X, θ) and bc,2n−1(X, θ) in following sense.
Corollary 4.8. Let f : X 99K Y be a bimeromorphic map of complex manifolds and θX ,
θY closed 1-forms on X, Y respectively. Assume there exist nowhere dense analytic subsets
E ⊆ X and F ⊆ Y , such that f : X − E → Y − F is biholomorphic and f∗(θY |Y−F ) =
θX |X−E. Then, H1θX (X)
∼= H1θY (Y ) and H
2n−1
θX ,c
(X) ∼= H2n−1θY ,c (Y ).
Proof. Choose a complex manifold Z and proper modifications g : Z → X and h : Z → Y ,
such that there exists a nowhere dense analytic subset S ⊆ Z satisfying that, E ⊆ g(S),
F ⊆ h(S), g : Z − S → X − g(S), h : Z − S → Y − h(S) are biholomorphic and fg|Z−S =
h|Z−S . Obviously,
(g∗θX − h
∗θY )|Z−S = g
∗
[
(θX |X−E − f
∗(θY |Y−F )) |X−g(S)
]
= 0.
By the continuity, g∗θX = h
∗θY . Hence, we need only prove the corollary for the case that
f is a proper modification and f∗θY = θX . It is just Theorem 4.7 (2). 
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